In crystalline systems, charge polarization is related to Zak's phase determined by bulk band topology. Nontrivial charge polarization induces robust edge states accompanied with fractional charge. In Su-Schrieffer-Heeger (SSH) model, it is known that the strong modulation of electron hopping causes nontrivial charge polarization even in the presence of inversion symmetry. Here, we consider a bi-atomic honeycomb lattice to introduce such strong modulation, i.e. A3B sheet. By tuning hopping ratio and onsite potential difference between A and B atoms, we show that topological phase transition characterized by Zak's phase occurs. Furthermore, we propose that C3N and BC3 are the possible realistic materials on the basis of first-principles calculations. Both of them display topological edge states induced by Zak's phase without spin-orbital couplings and external fields unlike conventional topological insulators.
I. INTRODUCTION

Concept of topology
1 leads to a new class of electronic materials, such as topological insulators, 2-8 topological crystalline insulators, [9] [10] [11] and Weyl semimetals. [12] [13] [14] In topological materials, topologically protected edge states (TES) emerge owing to nontrivial bulk band topology. These TES are robust to defects and edge roughness, and can be exploited for applications to low-powerconsumption electronic and spintronic devices. 15 One origin of TES is nonzero Berry curvature introduced by spin-orbit couplings. Berry curvature is a geometric field strength in momentum space. Its integration over momentum space yields magnetic monopole that is characterized by Chern number.
16,17
Recently two of us have found that, even under zero Berry curvature, Berry connection -a geometric vector potential whose curl yields Berry curvature -can also lead to TES. [18] [19] [20] Integration of Berry connection over momentum space (also called as Zak's phase) 21, 22 results in an electric dipole moment that generates robust fractional surface charges. [23] [24] [25] Such dipole field related to Zak's phase brings a new type of topological materials, i.e. topological electrides.
26,27
To obtain nonzero Zak's phase even in the presence of inversion symmetry, modulation of electron hopping is necessary. Employing Su-Schrieffer-Heeger (SSH) model 28 on two-dimensional (2D) square lattice, 18 nontrivial Zak's phase emerges when the inter-cellular hopping is larger than the intra-cellular hopping. This can be successfully demonstrated in the photonic system by mimicking the electronic tight-binding model. 20 In addition, this idea can also be extended to honeycomb lattice systems with Kelulé pattern. 19 However, no realistic materials of nonzero Zak's phase have been proposed in this framework yet. Also, the model proposed in Ref. 19 is hard to apply for designing atomistic model, since it demands strong hopping modulation in monatomic sheets.
To overcome this difficulty, we consider biatomic system of honeycomb lattice, i.e. A 3 B atomic sheet. We show that TES emerge owing to different electron hopping and onsite potentials between A and B atoms. Furthermore, we propose two possible realistic materials, i.e. C 3 N and BC 3 based on first-principles calculations. Both C 3 N and BC 3 display TES induced by Zak's phase. Remarkably, both BC 3 and C 3 N have already been successfully synthesized by several experiments.
29-31
The paper is organized as follows. In Sec. II, we relate charge polarization to Zak's phase in terms of Berry connection in 2D crystalline systems. We especially discuss the cases where energy bands are degenerate. In Sec. III, we investigate electronic states of A 3 B monolayer and their zigzag nanoribbon (NR) on the basis of tight-binding model. We show the bulk-boundary correspondence, i.e. emergence of TES and nonzero Zak's phases. In Sec. IV, we analyze the electronic structures of C 3 N and BC 3 sheets and their nanoribbons on the basis of first-principles calculations. We verify the existence of TES in energy bands for π electrons in these materials. We summarize our results in Sec.V.
II. CHARGE POLARIZATION AND ZAK'S PHASE
Charge polarization can be regarded as geometric center of electronic wavefunctions. For 1D crystalline system, the charge polarization of n-th energy band is given as a Wannier center, i.e. P n = w n (x)|x|w n (x) , where w n (x) is a Wannier function of n-th energy band. 32 Owing to gauge freedom of Wannier functions, P n is welldefined up to a lattice constant.
To relate P n to Berry connection, one can apply Fourier transformation to w n and x, which result in
where ψ n is the periodic part of Bloch function of n- th energy band, and A n = ψ n |i∂k|ψ n is Berry connection. We refer to the integration part of Eq. (1) as Zak's phase. 21 In a finite chain, fractional charge P = ± nocc n P n accumulate at the ends of the chain, where the summation is taken over all the occupied energy bands. 33 When inversion symmetry is present, P n is quantized to 0 or 1/2, and is determined by the winding number of associated sewing matrix of wavefunctions.
34
In following discussions, we interchangeably use "Zak's phase" and "charge polarization" to mean same quantity. Now we extend Eq.
(1) to 2D crystalline systems. Suppose that there are two independent directions denoted as i and j. In 2D systems, charge polarization becomes a vector such as P n = (P n i , P n j ), and P n i , P n j depend on the wavenumbers k j (= k), k i along directions j, i, respectively. Charge polarization along i-direction is given as
where P is a straight path connecting two equivalent k points in momentum space, n i is a unit vector for idirection and A n = ψ n |i∂k|ψ n is Berry connection of n-th energy band in 2D momentum space. Similar to 1D systems, fractional charge nocc n P n · n i accumulates on the edge if a material possesses finite charge polarization. The derivation of Eq. (2) is given in supplement of Ref. 35 .
When inversion symmetry is present, P n i (k = 0) is simply determined by the parities at inversion-invariant points in BZ. In hexagonal lattice, polarization along idirection at k = 0 is given as 19, 34 
where i = 1, 2, and η n (k) is the eigenvalue of π rotation along the out-of-plane direction for n-th energy band.
According to Stoke's theorem, the relation of
where
is Berry curvature of n-th energy band, and the integration is taken over the area
Combining Eqs. (3) and (4), one can obtain P n i (k) at arbitrary k from the parities and Berry curvature of wavefunction of n-th energy band. Depending on the positions where Berry curvature is finite, the value distribution of P n i over BZ can be dissociated into several distinct areas. Note that to apply Eqs. (4), a gap-opening condition must be satisfied, i.e. |E n (k) − E n±1 (k)| = 0.
In degenerate systems, both Berry connection and Berry curvature are written in the non-abelian forms. In this situation, we need to use more generic gap-opening condition: E n (k) = E n ′ (k) for all k, where n ∈ I and n ′ / ∈ I for I = {n 1 , n 2 , · · · , n occ }. 36 However, when we consider Zak's phase exactly at degenerate k point, even the generic gap-opening condition cannot be satisfied. In such the cases, we apply an inversion-symmetrypreserving perturbation to lift those degeneracies, as far as the perturbation does not alter the order of parities of energy bands at inversion-invariant k point. If such the generic gap-opening condition cannot be satisfied by imposing the perturbation, Eqs. (3) and (4) can be applied only for the region without degeneracies.
Let us take graphene as an example of degenerate systems. Figure 1 (a) displays graphene lattice structure and its bulk energy bands, and Fig. 1(b) displays its corresponding BZ where yellow and blue areas indicate valid and invalid ranges of applying Eqs. (3) and (4), respectively. In graphene, energy bands are degenerate at K and K ′ points guaranteed by inversion symmetry, and Eqs. (3) and (4) can only be applied in the range −2π/3 < k < 2π/3, if b 1 is chosen in the direction of charge polarization, i.e. P 1 (k). Outside this range, only Eq. (2) is applicable. 22 
III. TIGHT-BINDING MODEL
Let us introduce a tight-binding model for π electrons up to nearest-neighbor hopping on a biatomic honeycomb lattice A 3 B. We show that TES appear due to nonzero Zak's phase in A 3 B atomic sheet. The lattice structure of A 3 B is displayed in Fig. 2(a) , whose unit cell is a rhombus made up by six A-atoms (black circles indexed from 1 to 6) and two B-atoms (white circles indexed as 1 and 2). We denote hopping between A-A (A-B) atoms as −γ (−γ ′ ), and onsite potential of A (B) atoms as V A (V B ). 
Note that, the electronic states of graphene recover when γ = γ ′ ≈ 3eV and V A = V B = 0.
A. Symmetry analysis
Before showing the detailed results, we briefly look at the symmetries of A 3 B structure. This structure has time-reversal and C 6v point group symmetries. The two B atoms in unit cell play similar role of two nonequivalent sublattices in graphene, since both of them are mutually transformed under C 6 rotation. On the other hand, the six A atoms in unit cell play similar role of benzene rings in hexagonal 2D SSH model. 19 Thus, two of energy bands of A 3 B resemble energy bands of graphene, and the other six energy bands resemble energy bands of hexagonal 2D SSH model discussed in Ref. 19 .
As there are both time-reversal and inversion symmetries, Berry curvature in A 3 B is guaranteed to vanish everywhere except energy-degenerate K and K ′ points in momentum space. To apply Eqs. (3) and (4), we lift these degeneracies by adding onsite potentials δ m ∼ mγ/100 Fig. 2(a) . After imposing such the perturbation, degeneracies are lifted except for the central two energy bands around E = 0 at K and K ′ points. Thus, when one of the central two energy bands is occupied, Eqs. (3) and (4) can be applied only for −2π/3 < k < 2π/3.
B. Effect of variable hopping
In Figs. 3 (a) -(c), P n 1 (k = 0) is calculated from the parities of wavefunction for n-th energy band at Γ and M 1 points by applying Eq. (3). Note that all three nonequivalent M points have same parity. Then we obtain Zak's phase at other k points by applying Eq. (4) except for the central two energy bands which have similar nature of graphene.
For the central two bands, they have degenerate points K and K ′ guaranteed by inversion symmetry. Thus, Equation (4) is applied for a limited range −2π/3 < k < 2π/3 where gap-opening conditions are satisfied. However, we can not apply Eq. (4) for the path which go beyond the region −2π/3 < k < 2π/3 to relate with the region k < −2π/3 or k > 2π/3, because F n is not well defined at the degenerate points. In this situation, only Eq. (2) is applicable for central two bands. 22 Thus, if one of these two central energy bands is occupied, the value distribution of Zak's phase is dissociated into two distinct regions as displayed by Fig. 1(b) . Otherwise, Zak's phase is uniform over whole BZ.
Same procedure can be applied for b 2 direction, and b 1 and b 2 directions are equivalent owing to C 6v point group symmetry.
As we see from Fig. 3, A 3 B atomic layer always possesses finite Zak's phase irrespective of the ratio between γ ′ and γ. In case of γ ′ = γ, Figure 3 (b) reproduces the energy band structure of graphene, which possesses finite Zak's phase around zero energy. 22 In the case of γ ′ < γ [ Fig. 3(a) ], it is similar to the case of γ = γ ′ . In the case of γ < γ ′ [ Fig. 3(c) ], besides graphene-like energy bands, upper and lower bands possess finite Zak's phase due to band inversions. Thus, emergence of TES is expected in A 3 B system for any ratio between γ ′ and γ. To show TES induced by Zak's phase, we study the energy band structures of A 3 B NRs. Figure 4 of NR for different hopping ratios γ ′ /γ. It can be clearly observed that TES appear in the subband gap regions (indicated by yellow) where Zak's phases are π. In case of γ ′ /γ ≤ 1, TES appear within the central subband gap for zigzag NR. For γ ′ /γ > 1, band inversions occur in upper and lower energy regions away from E = 0, resulting in nonzero Zak's phases and consequent emergence of TES. It is noted that the TES at E=0 only appear within the region −2π/3 < k < 2π/3 that is same as graphene zigzag NR.
22 These zero energy edge states are nonbonding molecular orbitals, whose analytic form can be derived in similar manners of Refs. 37 and 38 as detailed in Appendix A. Outside this range, Zak's phase cannot be calculated by Eqs. (3) and (4), which is shaded as blue.
C. Effect of onsite potential
In A 3 B sheet, onsite potentials of A and B atoms are different due to their distinct chemical elements. Here, we study effect of different onsite potentials on A and B atoms. The corresponding energy band structures are displayed in Figs. 5(a) and (b) , where the yellow regions indicate nonzero Zak's phase. According to Fig. 5, A 3 B systems always possess nontrivial energy bands in either the upper or lower energy region depending on the values of V A and V B . When V A < V B , the central and upper subband gaps have nonzero Zak's phase as shown in Fig. 5(a) . For V A > V B , the central and lower subband gaps have nonzero Zak's phase as shown in Fig. 5(b) . Thus, TES emerge in either upper or lower subband gaps when onsite potentials between A and B atoms are different. 
IV. DENSITY FUNCTIONAL THEORY
So far, on tight-binding calculations, we have demonstrated that A 3 B sheet possesses nonzero Zak's phase, which consequently induces TES. Here we investigate the electronic structure of C 3 N biatomic sheet as a realistic candidate with nonzero Zak's phase on the basis of firstprinciples calculations using SIESTA.
39
The conditions of first-principles calculations are summarized as follows. Perdew-Burke-Ernzerhof (PBE) ex- Figure 7 (a) shows energy band structure of C 3 N sheet, where Fermi energy is zero. Blue curves indicate the energy bands that originate from π electrons, which nicely match with the energy band structures obtained by using tight-binding model shown in Fig. 5(b) . Since nitrogen has one excess electron than carbon, it should be noted that the Fermi energy is upward shifted owing to the electron doping by nitrogen substitution. From Fig. 5(b) , the middle and low subband gaps possess finite Zak's phases. Thus, TES induced by Zak's phase are expected to appear in C 3 N. Fig. 7(c) , which suggests strong localization of electrons near edges. In addition, we also show wavefunction of the flat band near −7.0eV at BZ boundary (k = π a ) in Fig. 7(d) , which displays localized wavefunction at ribbon edges.
Thus, C 3 N can be considered as one possible realistic material that possess TES protected by nonzero Zak's phase. Especially the TES near −2.5eV have similar electronic properties of edge states in zigzag graphene edges, 37,38 they provide a perfectly electronic transport channel which is robust to edge roughness and impurities as long as the intervalley scattering are suppressed.
40-42
Besides C 3 N, we also investigate the electronic structure of honeycomb BC 3 sheet on the basis of first-principles calculations. The details are presented in Appendix B.
V. SUMMARY
In summary, we have studied the electronic structures of A 3 B biatomic sheet on the basis of tight-binding model. This system shows topological phase transition by tuning the electron hopping and onsite potentials. Instead of Berry curvature, this topological phase transi- tion is characterized by non-zero Zak's phase, which induces TES. Based on our tight-binding analysis, we further propose realistic material candidates, e.g., C 3 N and BC 3 . Within first-principles calculations we successfully demonstrate the emergence of TES in such materials. 
